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Abstract
We apply the regularized theory of light-cone gauge memberbranes to find the matrix model
in the Kaluza-Klein Melvin background. In the static system the Melvin matrix model
becomes the BFSS model with two extra mass terms and another term. We solve the
equation of motion for simplest N=2 D0 branes system and find that there is a nontrivial
configuration. Especially, we also make an ansatz to find the nonstatic solution. The new
solution shows that D0 propagating in the magnetic tube field background may expand into
a rotating noncommutative ring.
E-mail: whhwung@mail.ncku.edu.tw
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1 Introduction
The Melvin metric [1,2] is a solution of Einstein-Maxwell theory, which describes a static
spacetime with a cylindrically symmetric magnetic flux tube. It provides us with a curved
space-time background in which the superstring theory can be solved exactly [3]. In the
Kaluza-Klein spacetime the Melvin solution is a useful metric to investigate the decay of
magnetic field [4,5] and the decay of spacetimes, which is related to the closed string tachyon
condensation [6-8]. The fluxbranes in the Melvin spacetime have many interesting physical
properties as investigated in the resent literatures [9,10].
In this paper we try to investigate the branes dynamics in the Kaluza-Klein Melvin
background from the membrane matrix model approach. Historically, the Melvin matrix
model had been discussed by Motl [11], while the Melvin matrix string model had also been
discussed by Sekino and Yoneya [12]. However, to arrive our purpose we will first explicitly
derive the Hamiltonian of the Melvin matrix model.
In section II we review the Melvin spacetime and make efforts to represent the metric in
a suitable form. The metric form is used to obtain a discreted theory of membranes in the
Kaluza-Klein Melvin background, with the help of the general scheme of de Wit, Peeters
and Plefka [13]. After the quantization the Melvin matrix model is then obtained. For any
value of the twist parameter, i.e. external magnetic flux tube field is arbitrary, the Melvin
matrix model becomes a simple form of the BFSS model [14] with two extra mass terms and
another term. In section III we solve the equation of motion of the simplest two D0 branes
system and have found a nontrivial solution. The results show that there is a nontrivial
configuration therein. In section IV, we try to find the nonstatic solution by making an
ansatz . The new solution we found shows that two D0 propagating in the magnetic tube
field background may expand into a rotating noncommutative ring. Last section is devoted
to a discussion.
2 Hamiltonian of Melvin Matrix Model
The Melvin spacetime is a solution of the Einstein-Maxwell theory [1]. One of the most
surprising features of the Kaluza-Klein Melvin spacetime is that the corresponding higher
dimensional spacetime is a flat manifold subject to non-trivial identifications [4,5]. Explicitly,
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the 11-dimensional flat metric in M-theory is written in cylindrically coordinates
ds2 = −dt2 +
7∑
m=1
dymdy
m + dρ2 + ρ2dϕ2 + dx211, (2.1)
with the identifications
(t, ym, ρ, ϕ, x11) ≡ (t, ym, ρ, ϕ+ 2πn1RB + 2πn2, x11 + 2πn1R), (2.2)
The identification under shifts of 2πn2 for ϕ and 2πn1R for x11 are, of course, standard. The
new feature is that under a shift of x11, one also shifts ϕ by 2πn1RB. More geometrically,
one can obtain this spacetime by starting with (2.1) and identifying points along the closed
orbits of the Killing vector l = ∂11 + B∂ϕ. Therefore we can introduce the new coordinate
ϕ˜ = ϕ−Bx11 which is constant along the orbits of l and rewrite the metric as
ds2 = −dt2 +
7∑
m=1
dymdy
m + dρ2 + ρ2(dϕ˜+Bdx11)
2 + dx211, (2.3)
with the points (t, ym, ρ, ϕ˜, x11) and (t, ym, ρ, ϕ˜+ 2πn2, x11 + 2πn1R) identified.
Since the eleven-dimensional spacetime is flat this metric is expected to be an exact solu-
tion of the M-theory including higher derivative terms. We can recast the eleven-dimensional
metric in the following canonical form [4,5]
ds211 = e
−2φ/3ds210 + e
4φ/3(dx11 + 2Aµdx
µ)2, (2.4)
the ten-dimensional IIA background is then described by
ds210 = Λ
1/2
(
−dt2 +
7∑
m=1
dymdy
m + dρ2
)
+ Λ−1/2ρ2dϕ˜2, (2.5)
e4φ/3 = Λ ≡ 1 + ρ2B2, Aϕ˜ = Bρ
2
2Λ
. (2.6)
The parameter B is the magnetic field along the z-axis defined by B2 = 1
2
FµνF
µν |ρ=0. The
Melvin spacetime is therefore an exact solution of M-theory and can be used to describe the
string propagating in the magnetic tube field background.
To proceed, we first define the light cone coordinates
x± ≡ t± x11, (2.7)
3
and use the diffeomorphisms of the spacetime to define the new coordinates (X+, X−, R,Φ, Ym)
by the relations
X+ ≡ x+, R ≡ ρ, Ym ≡ ym, (2.8)
dϕ˜ ≡
√
2√
2 +B2
dΦ+
B√
2 +B2
dX−, (2.9)
dx− ≡ −B√
2 +B2
dΦ+
√
2√
2 +B2
dX−, (2.10)
In terms of the new coordinates the metric becomes
ds2 = − 2
√
2√
2 +B2
dX+dX− +
B2(X2 + Y 2)
2
dX2+ + dX
2 + dY 2 +
B2
2(X2 + Y 2)
(XdY − Y dX)2
+
2B√
2 +B2
(
1 +
1 +B2/2
X2 + Y 2
)
(XdY − Y dX)dX+ +
7∑
m=1
dYmdY
m, (2.11)
in which we define X ≡ R cos(Φ), Y ≡ R sin(Φ). The metric tensor in the above new
coordinate has the property g−− = ga− = 0, which is a necessary condition to apply the
formula of [13] to find the matrix model in the Melvin spacetime.
In reference [13] de Wit, Peeters and Plefka had studied the membrane Lagrangian density
(we neglect the fermion parts in this paper)
L = −√−g − 1
6
ǫijk∂iX
µ∂jX
ν∂kX
λCµνλ. (2.12)
Upon fixing the light-cone gauge, they find that the bosonic part of the total Hamiltonian
becomes
H =
∫
d2σ
( G+−
P− − C−
[1
2
(PA − CA − P− − C−
G+−
GA+)
2 +
1
4
(ǫrs∂rX
A∂sX
B)2
]
−P− − C−
2G+−
G++ − C+ + 1
P− − C−
[
ǫrs∂rX
A∂sX
BPAC+−B + C−C+−
])
, (2.13)
where
CA = −ǫrs∂rX−∂sXBC−AB + 1
2
ǫrs∂rX
B∂sX
CCABC , (2.14)
C± =
1
2
ǫrs∂rX
A∂sX
BC±AB, (2.15)
C+− = ǫ
rs∂rX
−∂sX
AC+−A . (2.16)
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In the Melvin background Cµνλ = 0 and we can easily use the metric form (2.11) to find the
light-cone Hamiltonian.
H =
√
2√
2 +B2
{
1
2
[
X˙ +
B√
2
(
1 +
1 +B2/2
X2 + Y 2
)
Y
]2 (
1 +
B2X2
2(X2 + Y 2)
)(
2
2 +B2
)
+
1
2
[
Y˙ − B√
2
(
1 +
1 +B2/2
X2 + Y 2
)
X
]2 (
1 +
B2Y 2
2(X2 + Y 2)
)(
2
2 +B2
)
+
[
X˙ +
B√
2
(
1 +
1 +B2/2
X2 + Y 2
)
Y
] [
Y˙ − B√
2
(
1 +
1 +B2/2
X2 + Y 2
)
X
](
B2XY
2(X2 + Y 2)
)(
1
2 +B2
)
+
1
4
[
ǫrs∂rX∂sY
]2 (
2 +B2 +
B4
4
)}
−
√
2
√
2 +B2
8
B2
(
X2 + Y 2
)
(2.17)
However, the Hamiltonian is to complex to be studied. Therefore some approximations shall
be used. If we consider the static system then the Hamiltonian become
Hstatic =
−√2B2
8(2 +B2)3/2
[(
4B2 +B4
) (
X2 + Y 2
)
− (2 +B
2)
2
X2 + Y 2
]
− 1
16
[X, Y ]2
√
2 [4 + (2 +B2)2]
(2 +B2)1/2
,
(2.18)
in which we have used the replacement
ǫrs∂rX
A∂sX
B = {XA, XB} → −i[XA, XB], (2.19)
and used the scale P− = −1 [13]. Note that the terms which are those containing the Ym
are irrelevant to our investigation and therefore are neglected.
The equation of motion associated with Hamiltonian (2.18) is
−Y [X, Y ]
[
4 + (2 +B2)2
]
− B
2
(2 +B2)
[(
4B2 +B4
)
+
(2 +B2)
2
(X2 + Y 2)2
]
X = 0, (2.20)
X [X, Y ]
[
4 + (2 +B2)2
]
− B
2
(2 +B2)
[(
4B2 +B4
)
+
(2 +B2)
2
(X2 + Y 2)2
]
Y = 0. (2.21)
In the next section we will try to find some solutions of the above equation.
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3 Static Solutions of Melvin Matrix Model
At first sight it seems difficult to solve the above equations as X and Y are the N by N
matrix. However, we will try to solve the simplest case of N = 2.
The trivial solution is the matrix with [X, Y ] = 0. In this case we can choose
X =

 x0 0
0 ±x0

 , Y =

 y0 0
0 ±y0

 , (3.1)
in which the coordinates (x0, y0) and (±x0,±y0) are the locations of the two D0 branes
respectively. Substituting the above solution into (2.19) and (2.20) we find that x20 + y
2
0 is
a complex number. This means that the coordinates become unphysical complex values.
Therefore the original trivial state at B = 0 become unstable under Melvin background
and may be transfered into another physical and nontrivial stable state. (Note that the
trivial solution with x0 = y0 = 0 at B = 0 background will have infinite energy at finite B
background as can be seen from (2.18).) In fact the potential form in (2.18) tells us that
any trivial state, i.e. [X, Y ] = 0, at B = 0 background will run away to infinite. Thus there
does not exit any static trivial solution at Melvin background.
The static nontrivial solution we found is
X = ± c σx
2
, Y = ± c σy
2
,
or
X = ± c σy
2
, Y = ± c σx
2
, (3.2)
in which c is a function of B and can be easily determined from (2.20) and (2.21). (For
example, in the case of small magnetic field we have c = (8B2)
1
6 . Note that we have used
the scale P− = −1.) Substituting the above solutions into Hamiltonian (2.18) we see that
this solution has a finite positive energy. Thus we conclude that this configuration is a
nontrivial solution in the Melvin background.
Note that the authors in [10] had constructed the gravity solution for a fluxbrane ex-
panded to sphere due to the extra dielectric effect. The property is different from our finding.
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4 Nonstatic Solutions of Melvin Matrix Model: Non-
commutative Ring
In this section we will try to find an nonstatic solution from the Hamiltonian (2.17). We
consider the following ansatz
X = x(t) σx = Rcos(f(t)) σx, Y = y(t) σy = Rsin(f(t)) σy, (4.1)
in which R is a constant value and f(t) a time-dependent function to be determined. In this
ansatz the Hamiltonian (2.17) becomes
H =
√
2
(2 +B2)1/2
2
(2 +B2)
[
(x˙)2 + (y˙)2
]
+
−√2B2
8(2 +B2)3/2
[(
4B2 +B4
)
R2 − (2 +B
2)
2
R2
]
+
1
8
√
2 [4 + (2 +B2)2]
(2 +B2)1/2
x2y2 = R2 α(B2)
(
˙f(t)
)2
+R4 β(B2) (sin(2f(t)))2+ γ(R2, B2), (4.2)
in which the detailed form of the functions α, β and γ are irrelevant to the following analyses.
We now begin to analyze the solution (4.1). The equation (4.2) may be regarded as a
particle moving under the potential ∼ (sin(2f(t)))2. As the Hamiltonian does not explicitely
dependent on time this is an energy-conservation system. Thus, depending the initial energy,
the particle may be oscillating or moving to infinite. (Note that the coordinate in here is
the function f(t).) As the radius R2, (which is defined by x(t)2 + y(t)2), is a constant the
solution therefore represents a ring which does not change the shape. The ring is called
a noncommutative ring as the coordinate X and Y in (4.1) is a matrix which does not
commutate to each other. Also, as x(t) and y(t) is time dependent, the noncommutative
ring will be rotating. Depending on the function of f(t), (which is dependent of the B and R)
the ring may be rotating in righthand or in lefthand. It may also be rotating form righthand
to lefthand or form lefthand to righthand.
Note that without the magnetic field the rotating membranes had been found by Harmark
and Savvidy [17].
7
5 Discussion
Let us finally discuss our results.
1. Historically, Dasgupta, Sheikh-Jabbari, and Raamsdonk [15] had successfully derived
the BMN matrix model (which is proposed by Berenstein, Maldacena, and Nastase [16]
to describe M-theory on the maximally supersymmetric pp-wave) directly as a discretized
theory of supermembranes in the pp-wave background. In this paper, along this line, we
have applied the method of the regularized theory of light-cone gauge memberbranes [13] to
find the matrix model in the Kaluza-Klein Melvin background.
2. Although the closed form of the Hamiltonian (2.17) is found it is difficult to use it
to solve the problem. We therfore study the simplest case of two D0-branes in the static
system. We have found that the brane in the Melvin background have a solution which is
a nontrivial configuration. We belive that this is a general property for any value of N and
twist parameter B.
3. The Hamiltonian (2.18) has two mass terms , ∼ B2(X2 + Y 2). However, these terms
could not induce a nontrivial fuzzy sphere solution. In fact, to find the fuzzy sphere solution
we need the dielectric effect or, at least, the three mass terms, ∼ B2(X2 + Y 2 + Z2) [18].
4. It is reasonable to conjecture that the solution (3.2) is just one of the stationary state
in the rotating solution of (4.1). Our solution has shown that two D0 propagating in the
magnetic tube field background may expand into a rotating noncommutative ring. We belive
also that this is a general property for any value of N and twist parameter B. Note that the
rotating behavior described in f(t) is dependent of the ring radius R and magnetic field B.
The futhermore physical properties of the nontrivial solution (4.1), such as its stability, the
radiation during rotating, ...etc. [17], is remained to be investigated.
5. We have in this paper considered only the Boson Hamiltonian. The Fermion part can
be obtained by the supersymmetrization. The interaction between a pair of the fluxbranes,
the recombination of the intersection fluxbranes and other dynamics of the fluxbranes can
be investigated from the complete Hamiltonian in the Melvin matrix model.
Work on these problems are in progress.
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